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Abstract—Learning dynamical systems from sparse observa-
tions is critical in numerous fields, including biology, finance, and
physics. Even if tackling such problems is standard in general
information fusion, it remains challenging for contemporary
machine learning models, such as diffusion models. We introduce a
method that integrates conditional particle filtering with ancestral
sampling and diffusion models, enabling the generation of realistic
trajectories that align with observed data. Our approach uses
a smoother based on iterating a conditional particle filter with
ancestral sampling to first generate plausible trajectories matching
observed marginals, and learns the corresponding diffusion model.
This approach provides both a generative method for high-quality,
smoothed trajectories under complex constraints, and an efficient
approximation of the particle smoothing distribution for classical
tracking problems. We demonstrate the approach in time-series
generation and interpolation tasks, including vehicle tracking and
single-cell RNA sequencing data.

I. INTRODUCTION

Learning a time-series model based on sparse observations is
a problem arising in various practical applications, in fields such
as biology, finance, and physics. Past approaches using ordinary
differential equations or stochastic differential equations with a
neural network as the driving force or drift include for instance
[1], [2] and [3]. Trajectory learning approaches for systems
of sparse observations have been explored in [4], while a
Markov Chain Monte Carlo (MCMC) based particle smoothing
approach was studied in [5].

On the other hand, score-based diffusion models [6] for
generating complex data have demonstrated state-of-the-art
performance for various data modalities, such as images, graphs,
and video. Diffusion models pose a generative task as sampling
from a simple distribution 7 (often A'(0, I)), and transforming
the samples to an arbitrary data distribution through applying a
learned Stochastic Differential Equation (SDE) model until time
T—thus obtaining samples from a distribution 77 which can be
sampled, but not evaluated. The behaviour of the intermediate
SDE system is often not of interest, but merely used as a
vehicle for obtaining high-quality samples from mr. For a
setting where even the initial distribution 7y is allowed to
be a complex data distribution, iterative Schrodinger bridge
methods such as the Iterative Proportional Fitting Procedure
(IPFP) [7] allow for learning the intermediate SDE system, with
additional regularization through setting a reference process
whose marginals the Schrodinger bridge should match as
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Fig. 1: Trajectories from an SDE with the neural network
drift model learned from smoothing trajectories over a zero
drift model with the constraints 79 = 7w = N(0,1), with
observations ¥ forcing the trajectories to split into two modes.

closely as possible, while adhering to the marginal constraints
at g and 7.

We seek to combine the two problem settings, allowing for
both sparse observations and complex constraints 7y and 7.
To that end, we unite diffusion models with particle smoothing
methods suited for complex data. The Conditional Particle
Filter with Ancestor Sampling (CPF-AS, [8, 9]) combined with
MCMC sampling provides an effective scheme for generating
trajectories from the smoothing distribution, with theoretical
guarantees of convergence. In [10], an MCMC baseline was
presented for parameter inference, as a comparison to more
scalable variational inference based methods. The MCMC
baseline applied CPF-AS in order to effectively evaluate the
joint log likelihood over observations and parameters. Inspired
by the baseline method, we adopt it to a modern deep learning
setting, where in addition to performing inference under
complex constraints (both sparse observations and terminal
distributions), we learn a model which emulates the behaviour
of the inference trajectories, while providing an SDE with an
explicitly defined drift function to be used in Euler—Maruyama
sampling (see, e.g., [11]).

Recent work by [12] combines a differentiable particle filter
with iterative bridge methods, in order to account for both the
terminal constraints and sparse observations from the latent
marginals. We position our method as a non-iterative version
of [12], where the MCMC particle smoother allows us to
incorporate data without the need for backwards trajectory



simulation. The key benefit of our approach lies in enabling

faster sampling from the particle smoothing distribution after

the MCMC chain for CPF-AS has converged via using the

learned diffusion model, while providing a neural SDE model.
Our contributions are summarized as follows.

(i) Inference: We propose a tailored approach combining
Conditional Particle Filtering with Ancestral Sampling to
account for multiple observations and terminal constraints.
Learning: We apply learning strategies used for iterative
Schrodinger Bridge methods to learn a model matching
smoother trajectories, providing a scalable neural approx-
imation of an MCMC particle smoother.

Experiments: We provide strong experimental results for
simulated and empirical data including vehicle tracking
and single-cell RNA data, both in time-series generation
and interpolation tasks.

(i)

(iii)

II. RELATED WORK

Conditional Particle Filtering with Ancestral Sam-
pling: The CPF-AS smoother was formulated originally in
[9], where it was presented for the purpose of accurate particle
smoothing together with derivations of convergence results for
the smoother. Obtaining good performance in the Conditional
Particle Filter method for trajectory generation is a non-trivial
task. It has been extensively studied in recent work [13, 14] to
extend the original CPF-AS to various settings such as cases
where the initial latent state distribution is a diffusion instead of
a single point, or in using bridge backward sampling instead of
ancestral sampling. The approach in [15] describes resampling
schemes for weak observations and explores dense time slices.
In recent applications of CPF-AS, [16] uses modification
of CPF-AS with Rao-Blackwellized particle dynamics for
a SLAM problem, while [5] explores particle Gibbs with
Ancestral Sampling, a conditional Sequential Monte Carlo
(SMC) approach similar to CPF-AS for parameter estimation.
These sequantial Monte Carlo approaches provide an alternative
to variational inference and non-linear filtering (see [17])
approaches often favoured in real-time approaches.

Diffusion Models and Schrodinger Bridges: Diffusion
models [6, 18] have been successfully applied to a multitude
of generative problem settings. Conditioning diffusion models
based on class label was proposed already in [6], but more
complex data conditioning has been studied for instance in
[19], where 3D view synthesis is conditioned on 2D images.
Other conditional settings such as [20] and [21] consider graph
generation for molecules, where the motif-scaffolding problem
is solved through using an SMC algorithm for conditional
generation and guidance of the diffusion.

For an extension of diffusion model approaches to cases
where both the initial and terminal distribution are unknown,
iterative approaches such as IPFP for solving Schrodinger
bridges were proposed in [7] and [22]. IPFP is based on solving
half-bridge problems, and has been applied to optimal transport
problems for images and biological data.

Diffusion Models, Control, and Data Assimilation: The
concept of applying ideas from stochastic control to diffusion
model has been studied for instance in [20, 23, 24], while in
[25] a deterministic particle filter is used to generate samples
from nonlinear dynamical systems under observations. In [12],
a particle filter with differential resampling is applied to a
constrained generative task, combining the iterative half-bridge
approach from [7] with particle filter based data assimilation
from [25]. Further connections between Schrédinger bridges
and optimal control have been explored in [26] using the
forward-backward SDE formulation of Schrodinger bridges,
and in [27] and [28] for additional constraints on the controlled
system with nonlinear drift. Incorporating information from
observations to a known dynamical systems has been explored
in the field of data assimilation [29], for instance combining
Schrodinger bridges with data assimilation in [30].

III. METHODS

Our proposed method learns to approximate the particle
smoothing distribution via utilizing samples generated through
MCMC over Conditional Particle Filtering with Ancestral
Sampling (CPF-AS, [9]). The learning step consists of applying
trajectory reversion techniques from the diffusion model and
Schrodinger Bridge literature. First, we present our particle
smoothing notation in Section III-A, and briefly introduce
diffusion models in Section III-B, and to MCMC smoothing
using CPF-AS in Section III-C. In Section III-D, we explain
how we condition the CPF-AS on multiple observations and a
terminal constraint to adapt it to our setting, and in Section III-E
combine trajectory learning with smoothing trajectories.

A. Particle Smoothing and Notation

We consider the state-space model

dx; = f(xq,t)dt + g(t)*dB,,
Xp ~ T,

yi, ~N(Hx,,, %), Vke{l,... K},

where ¢ € [0, 7] is the time horizon, 7 is a bounded initial
distribution, {tk}fz1 are observation times, and for each k,
yi, € R¥ and Vt € [0,T], x, € R%, and H € R%*dy,
In other words, we have restricted to SDEs with nonlinear
dynamics and linear Gaussian observation models, and are
interested in the continuous-discrete setting. In practice, we
will resort to Euler—Maruyama simulations of the SDE.

We find the conditional state distribution p(x; | {y, } ;)
through simulating particle trajectories through a particle filter.
We denote by w; the particle weight of the j  particle at time ¢

and by xJ its corresponding particle, and generate N particles.

B. Diffusion Models and Schrodinger Bridges

Given two distributions, 7y and 77 we seek to find the drift
functions fy, b, : R? x [0, 7] — R? such that the measure P
defined by the marginals of the forward diffusion

dx; = fo(x¢,t) dt 4 g(t) dB; (D

Xp ~ T,
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(c) 11" reference trajectory

Fig. 2: In an iteration of the CPF-AS smoother, the reference
trajectory (top) is used to create conditional particle filtering
trajectories (middle), from which a new reference trajectory is
sampled based on weights on the last time step (bottom). The
final weights are computed based on a Kernel Density Estimate
(KDE) over the distribution 7 = N(0, 1). The trajectories are
sampled based on intermediate observations and the reference
trajectory, resulting in multiple trajectories in the middle plot
following roughly the previous reference.

satisfies P = 77, and the backward diffusion

dx; = bg(xs,t)dt +g(t)dB:  xo ~ 77 (2)

satisfies Py = my. Denote the density function of the marginal
distribution of P at time ¢ by p;(x). In diffusion models, the
initial distribution 77 is set to N(0, 1) and the model b, is
fixed to a linear function, noising the data distribution 7. The
reverse diffusion fp from noise to data is equal to

fo(xe,t) = by(xy,t) — g()>V Inps (x4, 1), 3)

that is, we can learn to generate data from noise (or my from
mr) through reversing the dynamics via learning to approximate

the score function VInp:(x,t) based on the trajectories.

More generally, for Schrodinger bridges [31, 32], we define a
reference measure Q on R? x [0, 77, and seek to minimize the

Algorithm 1 Generating the first reference trajectory

Require: Initial distribution 0, observations
D = {(tk,yx)}¥_,, number of particles N, discretization
{t;17%

Ensure: Reference trajectory zg.p
Sample initial particles {x{}]*, ~ mo with weights wi=+
for j =0 to Nt do

for i =1to N do
a; ~ Categ({i} |, w;) > Draw ancestor
xp, =x¢_ +f(x{i_,t)dt+oe e~ N0 dP)
X(:t, ¢ {xgjtjil,xffj} > Append trajectories
wij — p(Ytj | X%):tj,l ) YO:tj)
end for
end for

zo.7 ~ Categ({x{., }/_,, wr)

> Compute weights

> Sample reference

Kullback-Leibler divergence KL(IP, Q). The reference measure
may be used to encode prior information, for instance it may
be defined through simulation of an SDE with drift fj, as
in [7]. In order to solve the Kullback—Leibler minimization
problem while adhering to the terminal constraints of matching
the distributions 7y and 77, [7] applies an iterative half-bridge
method [33], alternating between the minimization targets
P21£2?W5L(P2i | Pai—1) aHgZi;Iel]iPI(lm%L(Pm-H |Pa;), (4)
where we denote by (-, 77 ) measures which match 77 at time
T, and by P(mg, -) measures which match 7y at time 0. For
each of the minimization targets in Eq. (4), the learning step
consists of reversing trajectory dynamics via a mean matching
objective. Suppose that the backwards drift by is fixed, and we
learn the forward drift fy. Then the loss function is set to

N Nrp
L(9) =D Moot )A; = (xi,,, + fo(xXi,,,, 1)A,
i=1 j=1

—xi, = folxi,, t)A)% (5)

where {x:}}¥, are the simulated particles from the SDE in
Eq. (2) and A; denotes the time step length at ¢;, and Np
is the number of steps in the discretization. In other words,
the forward drift should match the change in mean set by the
backward model. Instead of directly comparing subsequent
particles xij to xéjfl, the lqss function considers the Gaussian
distribution N(xi,  +fo(xi,_, ti-1), Arg(t;)I) from which
x;, is sampled.

C. Conditional Particle Filter with Ancestral Sampling and
Smoothing

We present the details of an MCMC smoother using
Conditional Particle Filter with Ancestral Sampling (CPF-
AS), as defined in [9]. Instead of a forward—backward particle
smoother where the particle filtering weights from the forward
pass between ¢t = 0 to 1" are used when accruing information
from T to 0, we will generate particle smoothing trajectories
via MCMC steps consisting of the CPF-AS procedure. In a
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Fig. 3: (a) Samples from the particle smoothing distribution using the known drift of the double-well system. (b) Trajectories
generated from the learned diffusion process. The mean (in blue) and the trajectory samples (in gray) follow similar patterns,
and the learned SDE roughly follows the observations without access to them at sampling time.

single run of the CPF-AS (see Algorithm 2), the trajectories
are conditioned on both the observations and a reference
trajectory {z, ;-V:TO. At each time step, we draw an ancestor
for each trajectory. For particle indices in i € [1, N — 1], the
probability of assigning ancestor a’ are proportional to the
trajectory weights wiﬂ The N'™ particle retains information
from the reference trajectory, and the probability of assigning
the ancestor a’ to the reference trajectory is proportional to
w;‘; [z, |x§;71), that is, the probability that the reference
trajectory sample z; was generated from ancestor a’. After
generating N particles via CPF-AS, a new reference trajectory
{2, };VZTO is sampled from the weights at the terminal time,
proportional to {w’.} X ;. The MCMC chain is initialized as in
Algorithm 1, with a particle filtering algorithm with ancestral
sampling, but no reference trajectory.

The CPF-AS [8, 9] combined with MCMC provides an
algorithm for generating trajectories from the smoothing dis-
tribution. The iterative algorithm consists of creating CPF-AS
trajectories, each time conditioning on the previous reference
trajectory to obtain a new reference, repeated for M iterations.
In [9], an analysis of the convergence rate of the MCMC to
a stationary distribution is provided, while [8] introduces the
Conditional Particle Filtering step of the algorithm.

D. Efficient CPF-AS Smoothing Over a Diffusion Model

In this section, we explain how we perform MCMC sampling
over CPF-AS when multiple observations are available, and
how we utilize parallelization under a setting with multi-modal
observations. The extension of CPF-AS to multiple observations
enables the use of the smoother for generating trajectories such
that the marginal distribution matches a full observed data
distribution, such as single-cell data in Section IV-C, instead
of a single realization of a stochastic process. As explained in
Section III-C, the CPF-AS particle smoother generates only a
single trajectory sample at each iteration. In order to reduce the
heavy computational load of the particle smoother, we account
for the possibly multi-modal marginals by splitting the MCMC
computation to multiple, parallelizable chains.

Adapted Observation Model: In order to incorporate data
from a partially observed marginal, we compute the weights of

Algorithm 2 Conditional Particle Filter with Ancestral Sam-
pling (CPF-AS)

Require: Initial distribution o, observations
D = {(tk,yx)}¥_,, number of filtering particles N,
initial trajectory zo.p, discretization {¢; };-V:TO.

Ensure: New reference trajectory Zo.r
Sample initial particles {x)}~ | ~ my with weights w} = +
for ) =0 to N do

ax ~ Categ({i} Yy, {wf,p(z, X, ,)
fori=1to N —1do
a; ~ Categ({i},, w,))
xi, =x{ A+ f(xi, t)dt +oe
end for
fort:=1 to N do
Xty {Xg:itj,l_axffj}
wzj — p(ytj | X%):tj,l ) YO:tj)
end for
end for
j ~ Categ({i}}L,, wr)
Zo.T = Xp.r

f\;l) > Ancestor

> e ~ N(0, dt)

> Append trajectories
> Compute weights

> Sample reference
> Set reference trajectory

each trajectory according to a bootstrap filter proposal combined
with local kernel density metric over the H nearest observations
to each trajectory. We may compute the log-weights as

H
) 1 i
Ingzj - _ﬂ Z ”(y’f.;wh - X;j)HZ’ ©)
obs p—1

where y;, » is the A nearest observation to the particle xi
In practice, we apply the observation model p(y;, |x:;) =
N(xy,,02,)- In addition, we interpret the terminal distribution
77 to consist of observations, so that when generating particle
filtering trajectories, we observe a set of samples of size 5,
{ys}5_, where y, ~ m7. We may further adjust the importance
of adhering to the desired terminal distribution by letting the
observation model depend on time, for instance via setting
o2, . to be lower at t = T, or by adjusting the local kernel
density estimate through modifying H.



Fig. 4: Particle smoother marginals (top row) and marginals of the neural SDE model (bottom row), generated from a constrained
system where the final distribution is the scikit-learn two-circles data set, and intermediate data consists of 10 points lying on a
circle with a smaller radius (in red). The marginals above are observed at times ¢t = {0,1.4,1.5,2.9, T}, where T = 3. Without
access to samples from the terminal distribution, the learned model accomplishes modeling a circle with the correct radius, but

struggles to separate the two circles from each other.

Parallelization: While the CPF-AS based smoother pro-
vides accurate trajectories matching the observations, it is
computationally inefficient. In order to better utilize GPU
computational resources, we generate multiple MCMC chains
using the CPF-AS by running multiple parallel chains for
problem settings where the chains converge quickly, and the
need for a large sample of trajectories arises from building a
training set for the learning step detailed in Section III-E that
is sufficiently representative. Sampling from multiple chains
is further motivated by our setting, since we may observe a
multimodal marginal distribution and exploration of all the
modes through a single MCMC chain could prove inefficient.

E. Learning Over CPF-AS Trajectories and Sampling from the
Neural SDE

Our learning scheme consists of using the smooth trajectories
obtained in the previous step to learn a dynamical system. While
generating the CPF-AS smoother trajectories, we store further
information to be used in the trajectory learning step. That is,
while sampling from the bootstrap particle filtering proposal,
we store the change in mean for each trajectory at time ¢;,

i diff _

xp = (xq,,, 0 0)A = x = f(xE, ), (D)
where A; = t;,1 —t;. After each ancestor sampling step, we
update the mean-matching trajectory history to align with the
ancestors, overwriting the mean-matching history of trajectory
i with its ancestor’s a’ history. At the last step, when a new
reference trajectory is sampled, we choose the mean-matching
target trajectory accordingly, generating {zfj_ff};\fl. We find
the neural network drift fy such that the following loss is
minimized for a particle 4 at time ¢,

L(0,4,5) = (folxt,  t;)A; — 22, ®)

to learn to reverse the mean at each time-step. In practice,
we apply stochastic gradient descent to a neural network fy

over batches consisting of samples from the pool of particle
i \N, N1 -

values {x; },0; 7_;. After the learning step, we have access

to a neural network drift fy such that the trajectories generated

through Euler-Maruyama sampling of the SDE
dx; = fo(x,t) dt + g(t) dB, )

closely match the smoothing trajectories, and provide an ap-
proximation to its marginals without access to the observations
{¥t, }le or samples from 7. As such, the learned diffusion
provides a scalable proxy to the CPF-AS smoother trajectories.

Xo ~ T,

IV. EXPERIMENTS

We apply the CPF-AS smoother to various settings, con-
sisting of scenarios where the observations are from a single
underlying realization of a stochastic process (Section IV-A
Section IV-D), or a full marginal distribution (Section IV-B,
Section I'V-C) in the middle of a transport problem. After gener-
ating the smoother trajectories, we learn the drift of a dynamical
system as a neural network and compare the behaviour of the
raw smoothed trajectories to the learned dynamical system. In
addition to learning a constrained generative model for time-
series data, we demonstrate the capability of our method to
interpolate in a setting where the sparsity of observations is
artificial: we let our model utilize only every S™ data point, and
compare the learned trajectories to the full set of observations
in the Section IV-D interpolation experiments.

In all our experiments, we fix the observation model to
p(y:|xt) = N(x¢, 03, .I), allowing for scaling the observation
noise at t = T as explained in Section III-D. We implement
both the particle smoothing and trajectory reversal code in
PyTorch, and utilize GPU computation to parallelize the com-
putation over trajectories. The neural network design is as in
[7, 12], with four hidden layers, largest of which is 128 in width,
and using a sinusoidal embedding for the time dimension.
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(a) Our CPF-AS based model

Principal axis #1

(b) Iterative Smoothing Bridge solution

Fig. 5: The CPF-AS MCMC smoother trajectories cover the known marginals of the single-cell process (projected onto the
first two principal axes for visualization on 2D planes), compared to the Iterative Smoothing Bridge which only explores

high-density regions of the marginals.

A. Double-well

We perform particle smoothing over a double-well system
with 50 observations. The true drift f to be used within the
smoothing algorithm is f(zy,t) = 4x,(1 — z7), the diffusion
is g(t) = 1, and we set A, = 0.01 and 7' = 40. We iterate the
CPF-AS nparticle filtering algorithm for 1000 steps with 100
particles used in the filter, and evaluate the performance of our
method by subsequently learning the neural drift fy. For the
learning step, we optimize over 200 epochs with a learning rate
of 10~* and a batch size of 2048, and use the same process
noise of g(t) = 1 during sampling. We use only the last 500
reference trajectories from the smoother. The learned process
manages to oscillate between the two modes of the double-well
distribution matching the oscillation patterns of the particle
smoother trajectories, see Fig. 3 for a comparison.

B. 2D Scikit-learn Two-circles

We perform particle smoothing and trajectory learning over
a constructed data set, where the final data distribution consists
of samples from the scikit-learn two circles data set, and at the
middle of the process, 10 points on a single circle are observed,
and the initial distribution is a Gaussian. The purpose of this
experiment is to demonstrate how CPF-AS can be used to con-
dition on complex observation sets, and how to learn to match
even such restricted generative processes. We set A; = 0.01
and let 7' = 3, and simulate from 10 MCMC chains over 2000
iterations of CPF-AS, each using 1000 particles. For the training
step, we set the learning rate to 10~% and the batch size to
1024 over 200 epochs. Instead of a time-invariant g(t), we use
a noise schedule which allows both for exploration of the state-
space and is suitable for generating a sharp approximation of
the scikit-learn two circles. To that end, we use a noise schedule
where g(t) =5 at ¢ € [0,7/2], and g(t) decreases linearly to
0.01 at t = T. We set the observation noise o,ps = 0.5 in the
middle observations, scaled by a factor of 0.01 at the scikit-
learn two circles observations, and consider the H = 5 nearest

observations when computing the particle filtering weights at
the terminal time, and H = 3 at the middle. The particle
smoother is able to generate trajectories which smoothly trans-
form a Gaussian distribution first to 10 points on a circle, and
then to the scikit-learn data set. See Fig. 4 for selected marginals
from the smoothing process and the learned diffusion model.

C. Single-cell RNA Sequencing Data

We apply the CPF-AS smoother to a single-cell RNA data
set, which we preprocessed and projected into 5 dimensions
using Principal Component Analysis (PCA) as in [34]. Each
observation represents active RNA sequence counts from an
embryonic cell, which is destroyed by the measurement process,
resulting in a time-series data set without any trajectory
information. Instead, the observed data consists of a large
number of samples from an intermediate marginal distribution
at 5 points in time. We evaluate only the performance of the
particle smoother in generating the marginal observations, as it
accomplishes a clear improvement compared to earlier methods.
As in earlier work [22, 34], we set the process noise to g(t) = 1
and discretize in time to T' = 4, A; = 0.01. For the smoother
hyperparameters, we run 8 chains of length 500, discarding
the first half of each chain. The observation noise is set to a
constant 0.3, and the nearest 5 points are used to compute the
log-weights. The CPF-AS smoother trajectories replicate the
marginal distributions faithfully, see Table I for a comparison
to earlier work using methods based on optimal transport such
as [34] or iterative Schrodinger bridge approaches based on a
reference process defined by data [22] or using a particle filter
over a diffusion model [12]. Fig. 5 shows how the CPF-AS
MCMC smoother trajectories cover the known marginals of the
single-cell process, compared to the Iterative Smoothing Bridge
which only explores high-density regions of the marginals.

D. Vehicle Tracking

We model a 2D vehicle tracking system (a segment of data
from [35]), where the observations give the location of a single
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Fig. 6: A comparison of the vehicle trajectories from the data, and generated trajectories using CPF-AS particle smoothing, and
learned diffusion model trajectories. The trajectory mean (bolded) follows the observations (marked by ) in the smoother and
simulated trajectories from the neural SDE, and the sampled trajectories (light gray) present similar behaviour in both plots.

TABLE I: Conditional smoothing trajectories generate the
lowest Earth Mover’s Distance in the intermediate stages.

Earth mover’s distance

METHOD t=0 t=1 t=2 t=3 t="T
TrajectoryNet 0.62 1.15 1.49 1.26 0.99
IPML 0.34 1.13 1.35 1.01 0.49
IPFP (no obs) 0.57 1.53 1.86 1.32 0.85
ISB (single-cell obs) 0.57 1.04 1.24 0.94 0.83
CPF-AS Smoothing - 0.85 0.93 0.66 0.94

vehicle at 1000 points in time. We sparsify the observations
by allowing our model to use only every 50" data point,
with the goal of generating plausible and smooth trajectories
between the observations, while comparing to the real tracking
data. The observation noise of this state-space system is set
to 0%, = 0.01, the drift f to zero, and the process noise
to g(t) = 0.1, with the process starting from a single point,
y = (0,0). We set the time step to A; = 0.01. In order to
obtain particle smoothing trajectories using CPF-AS, we ran
a single MCMC chain of length 400, and discarded the first
half as burn-in. In each iteration, we ran the CPF-AS filter
using 1000 particles. When optimizing the neural drift in the
learning step, we applied a learning rate of 10~* over 300
epochs of the training data set consisting of samples from the
particle smoothing trajectories, with a batch size of 2048. The
mean squared error (MSE) of the mean smoothing trajectory
compared to the true observations was 0.215, while the MSE of
the mean over learned SDE trajectories was 0.1625. In Fig. 6
we compare the behaviour of the full trajectories to the means

of particle smoothing trajectories and learned SDE trajectories.

The latter remains a plausible approximation to the observations,
without access to the sparse observations at sampling time.

V. DISCUSSION AND CONCLUSIONS

The MCMC smoother iteratively applying the Conditional
Particle Filter with Ancestral Sampling (CPF-AS) provides
an accurate particle smoothing distribution, but is slow to
generate new trajectories even after convergence. We have
presented a new approach assimilating information from

sparse observations or full marginals to the CPF-AS particle
filter, including a learning step to find a neural network
drift to approximate the behaviour of the smoother. The
learned neural diffusion can be used to simulate trajectories
under complex constraints on both the intermediate marginal
distributions and the terminal distribution 7, and it allows
for an efficient approximation of the MCMC based CPF-AS
smoothing trajectories. Further, our method allows for studying
the system behaviour due to the analytic expression provided
via the learned drift function, allowing for instance to restart
the system from an intermediate point in time or to discard
the observational data yet still generate novel trajectories from
an approximation to the particle smoothing trajectories.

For future work, we propose additional guidance to the
MCMC smoother via learned diffusion, where a guided drift
could aid the exploration of the CPF-AS trajectories, speeding
up convergence. In order to assure that the full terminal
distribution is explored efficiently, in the experiments in
Section IV we often set the process noise g(¢) to a high
level, especially when conditioning on observations from a
complex, high-variance marginal compared to more learning-
based approaches such as [12]. An adaptive drift function used
within CPF-AS could plausibly be used to replace the high
noise level, and to create easier to learn trajectories due to their
less noisy nature. As demonstrated by our experiments, the
learned SDE manages to mimic the behaviour of the particle
smoothing trajectories well in settings related to learning time
series, but does not generate a sharp enough replica of difficult
terminal constraints, such as the scikit-learn two circles data
set. Combining the trajectory learning step over smoothing
trajectories with information from samples of the terminal
distribution at training time could further improve the quality
of the generated data under such challenging constraints.
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